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(next generation matrix: NGM) ([9], [10])
Diekmann $R_{0}$
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Bacaer and Ait Dads ([5], [6])
$\square$
Diekmann
( :generation evolution operator: GEO)
GEO
$*1R_{0}$
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2
$\zeta\in\Omega$




$i(t, \zeta),$ $\zeta\in\Omega_{b}$ $t$ } $\Omega_{b}\subset\Omega$
:
$i(t, \zeta)=g(t, \zeta)+\int_{0}^{t}\int_{\Omega_{b}}A(\tau, \zeta, \eta)i(t-\tau, \eta)d\eta d\tau$, $t>0$ (2.1)
$g(t, \zeta)$ $t$
$E_{+}:=L_{+}^{1}(\Omega_{b})$
$*2$ . $E+$ $\Psi(\tau)$
:
$( \Psi(\tau)f)(\zeta):=\int_{\Omega_{b}}A(\tau, \zeta, \eta)f(\eta)d\eta$ , $f\in E+$
$\Psi(\tau)$ $\tau$
$t$ $E+$ $i(t):=i(t.\cdot)$ (2.1)
:
$i(t)=g(t)+ \int_{0}^{t}\Psi(\tau)i(t-\tau)d\tau$ , $t>0$ (2.2)
$\hat{\Psi}(\lambda)$ $\Psi$ $: \hat{\Psi}(\lambda):=\int_{0}^{\infty}e^{-\lambda\tau}\Psi(\tau)d\tau$. ([15], [17])
$\lambda_{0}$ $r(\hat{\Psi}(\lambda_{0}))=1^{*3}$
$g$ $\alpha(g)$
$i(t)\sim\alpha(g)e^{\lambda_{()}}{}^{t}\psi_{0}$ , $tarrow\infty$ (2.3)
$\psi_{0}$ $\hat{\Psi}(\lambda_{0})$ 1 :
sign $(\lambda_{0})=$ sign $(r(\hat{\Psi}(0))-1)$ (2.4)
Diekmann-Heesterbeek-Metz (next generation operator: NGO)
:
$K_{E}:= \hat{\Psi}(0)=\int_{0}^{\infty}\Psi(\tau)d\tau$ (2.5)
(basic reproduction number $R_{0}$ ) :
$\lim_{marrow\infty}n\sqrt[t]{\Vert K_{E}^{m}\Vert_{\mathcal{L}(E)}}=r(K_{E})=R_{0}$ (2.6)
$*2$
$E_{+}=R\mp$ $\Vert x\Vert:=\sum_{k=1}^{n}|x_{k}|,$ $x=(x_{1}, x_{2}, .., x_{n})\in R^{n}$
$*3r(A)$ $A$
44
$||$ . $\Vert_{\mathcal{L}(E)}$ $E$ (2.4) sign $(\lambda_{0})=$ sign $(R_{0}-1)$
(2.6)
$\phi$
$r\sqrt[n]{\Vert K_{E}^{m}\phi\Vert_{E}}$ $\lim_{marrow\infty}\sqrt[n]{\Vert K_{E}^{m}\phi\Vert_{E}}\leq r(K_{E})$
$K_{E}$




$i_{0}(t)=g(t)$ , $i_{m}(t)= \int_{0}^{t}\Psi(\tau)i_{m-1}(t-\tau)d\tau$, $m=1,2,$ $..$ , (2.7)
(2.1) : $i(t)= \sum_{m=0}^{\infty}i_{m}(t)$ . $i_{m}(t)\in E+$ $tf$




$\Vert i_{m}\Vert_{Y}$ $:= \int_{0}^{\infty}\Vert i_{m}(t)\Vert_{E}dt=\int_{0}^{\infty}\int_{\Omega_{b}}|i_{m}(t, \zeta)|d\zeta dt$ (2.8)
$t$ $R_{+}\cross\Omega_{b}$
$Y$ $\Vert i_{m}\Vert_{Y}$ $m$
$\lim_{marrow\infty}n\sqrt[\prime]{\Vert i_{m}\Vert_{Y}}$
$Y$ $Y_{+}=L_{+}^{1}(R_{+};E_{+})$ $K_{Y}$ : $Yarrow Y$
:
$(K_{Y}f)(t):= \int_{0}^{t}\Psi(\tau)f(t-\tau)d\tau$, $f\in Y+$ (2.9)
(27) :
$i_{0}=g$ , $i_{m}=K_{Y}i_{m-1}$ (210)
$K_{Y}$ (generation evolution operator: GEO)
$f=f(t, \zeta)\in Y,$ $(t, \zeta)\in R+\cross\Omega_{b}$ $T$ : $Yarrow E+$
:
$(Tf)( \zeta):=\int_{0}^{\infty}|f(t, \zeta)|dt$ (2.11)
$T$ :





$T$ 1 $f\in Y_{+}$ :
$TK_{Y}f=K_{E}Tf$ (2.13)
$t$ $\zeta$
: $\prime l^{1}i_{m}=\int_{0}^{\infty}i_{m}(t)dt\in E+\cdot$




$*$7 $K_{E}$ (primitivity) $r(K_{E})$
$f_{E}\in E_{+}$ $F_{E}\in E_{+}^{*}$
$Ti_{m}=K_{E}^{m}\ulcorner 1^{\tau}i_{0}\sim\langle F_{E},$ $Ti_{0}\rangle r(K_{E})^{m}f_{E}$ , $marrow\infty$ (215)
$E^{*}$ $(F_{E}$ , $\phi\rangle$ $F_{E}$ $\phi\in E$





$R_{0}=r(K_{E})=marrow\infty hm\sqrt{\Vert i_{m}\Vert_{Y}}$ (2.17)
$Y$ $T$ $E$
$r(K_{E})=R_{0}$
(2.17) sign $(\lambda_{0})=$ sign$(R_{O}-1)$
3
Baca\"er Guernaoui $R_{0}$ $\theta>0$
:
$i(t)=g(t)+ \int_{0}^{t}\Psi(t, \tau)i(t-\tau)d\tau$ , $t>0$ (3.1)
$*6(2.14)$ [18]
$*7$ [25], [30], [26], [17], [31]
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$\Psi(t, \tau)$ $E_{+}$ : $( \Psi(t, \tau)f)(\zeta):=\int_{\Omega\iota)}A(t, \tau, \zeta, \eta)f(\eta)d\eta$.
$\Psi(t+\theta, \tau)=\Psi(t, \tau)$ , $t\in R$ $\tau>0$ o
Bacaer $([1]-[6])$ $\theta$
$E$ $R_{0}$ :
$R_{0}f(t)= \int_{0}^{\infty}\Psi(t, \tau)f(t-\tau)d\tau$ (3.2)
$R_{0}$ :
$f arrow\int_{0}^{\infty}\Psi(t, \tau)f(t-\tau)d\tau$ , $f\in C_{\theta}(R;E)$ (3.3)
$C_{\theta}$ $\theta$-
$\lambda$
$K_{\theta}(\lambda)(\lambda\in C)$ $C_{\theta}$ :
$(K_{\theta}( \lambda)f)(t):=\int_{0}^{\infty}e^{-\lambda\tau}\Psi(t, \tau)f(t-\tau)d\tau$, $f\in C_{\theta}(R;E)$ (3.4)
(3.3) $K_{\theta}(0)$
([32]) (31) :
$i(t)\sim e^{\lambda_{()}t}\psi_{0}(t),$ $(tarrow\infty)$ $\psi_{0}\in C_{\theta}$ $K_{\theta}(\lambda_{0})$ 1
$\lambda_{0}$ $r(K_{\theta}(\lambda_{0}))=1$ $r(K_{\theta}(\lambda))$
:
sign $(\lambda_{0})=$ sign$(r(K_{\theta}(0))-1)$ , (3.5)
Bacair-Guernaoui $R_{0}=r(K_{\theta}(0))$






$\Vert f\Vert_{Y_{\theta}};=\int_{0}^{\theta}\Vert f(t)\Vert_{E}dt=\int_{0}^{\theta}dt\int_{\Omega_{b}}|f(t, \zeta)|d\zeta$
$K_{\theta}$ :
$(K_{\theta}f)(t):= \int_{0}^{\infty}\Psi(t, \tau)f(t-\tau)d\tau$ , $f\in Y_{\theta}$
(GEO) :




$U$ : $Yarrow(Y_{\theta})_{+}$ :
$(Uf)(t):= \sum_{n=-\infty}^{+\infty}|f^{*}(t+n\theta)|$ , $t\in R$ ,
$f^{*}\in L^{1}(R\cross\Omega_{b})$ $f$ $t\geq 0$ $(t)=f(t)$ $t<0$




$\Vert f\Vert_{Y}=\Vert Uf\Vert_{Y},$, (3.7)
$UK_{Y}f=K_{\theta}Uf$ . $f\in Y+$ (3.8)
$Y$ (3.6) $Y_{\theta}$
$U$ $i_{m}=K_{Y}i_{m-1}$ (3.8) :
$Ui_{m}=UK_{Y}i_{m-1}=K_{\theta}Ui_{m-1}$ (3.9)
$(\Vert i_{m}\Vert_{Y}=\Vert Ui_{m}\Vert_{Y_{\theta}})$ (3.9)
$K_{\theta}$
$K_{\theta}$ $Z:=$
$L^{1}([0, \theta];E)^{*8}$ $Z$ $K_{Z}$ : $Zarrow Z$ :
$(K_{Z} \phi)(t):=\int_{0}^{\theta}\Pi(t, s)\phi(s)ds$ , $t\in[0, \theta)$ , $\phi\in Z$, (3.10)
$\Pi(t, s):=\{\begin{array}{l}\sum_{n=0}^{\infty}\Psi(t, t-s+n\theta), t>s,\sum_{n=1}^{\infty}\Psi(t, t-s+n\theta), t<s.\end{array}$
$V$ : $Y_{\theta}arrow Z$ $(Vf)(t)=f(t),$ $t\in[0, \theta]$
:
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$\Vert f\Vert_{Y_{\theta}}=\Vert Vf\Vert_{Z}$ (3.11)
$VK_{\theta}=K_{Z}V$ (312)












$VUi_{m}=K_{Z}^{m}VUi_{0}\sim\langle F_{Z},$ $VUi_{0}\rangle r(K_{Z})^{m}f_{Z}$ , $marrow\infty$ (3.15)
$f_{Z}\in z_{+\text{ }}F_{Z}\in Z_{+}^{*}$ $r(K_{Z})$ $\langle F_{Z},$ $\phi\rangle$






3.4 Bacair-Guernaoui $R_{0}$ :





41 $\Psi(t, \tau)$ $\Psi(t, \tau)$ $E=L_{+}^{1}(\Omega_{b})$
$E_{+}=L_{+}^{1}(\Omega_{b})$ (generation evolution operator: GEO)
$=L_{+}^{1}(R_{+};E_{+})=L_{+}^{1}(Rx\Omega_{b})$ :
$(K_{Y}f)(t)= \int_{0}^{t}\Psi(t, \tau)f(t-\tau)d\tau$ , $f\in Y+$ (4.1)
$Y$ ( ) $\{i_{0}, i_{1}, i_{2}, \ldots\}\subset Y+$





$i(t)=g(t)+ \int_{0}^{t}\Psi(t, \tau)i(t-\tau)d\tau$ , $t>0$ (4.3)
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$K^{c}:= \sup_{\tau\geq 0}\int_{0}^{\infty}\Vert\Psi(s+\tau, s)\Vert_{\mathcal{L}(E)}ds<\infty$ (4.4)
$K_{Y}$ $Y$ $\tau\geq 0$ $K_{\tau}(E+\backslash \{0\})\subset$
$E+\backslash \{0\}$ $K_{Y}(Y+\backslash \{0\})\subset Y+\backslash \{0\}$
$i_{m}(m=0,1,2, \ldots)$ (4.2) :
$\Vert i\Vert_{Y}=\sum_{m=0}^{\infty}||i_{m}\Vert_{Y}$ (4.5)
Cauchy
$\lim_{marrow}\sup_{\infty}\sqrt[m]{\Vert i_{m}\Vert_{Y}}<1$ $\Rightarrow||i\Vert_{Y}=\sum_{m=0}^{\infty}\Vert i_{m}\Vert_{Y}<\infty$ (4.6)
$\lim_{marrow}\sup_{\infty}\sqrt[n]{\Vert i_{m}\Vert_{Y}}>1\Rightarrow\Vert i\Vert_{Y}=\sum_{m=0}^{\infty}\Vert i_{m}\Vert_{Y}=\infty$ (4.7)
:
42 $K_{Y}$ :
$R_{0}= \lim_{marrow}\sup_{\infty}\sqrt[m]{\Vert i_{m}\Vert_{Y}}=\lim_{marrow}\sup_{\infty}\sqrt[n]{\Vert K_{Y}^{m}i_{0}\Vert_{Y}}$ (4.8)
$R_{0}$ $R_{0}<1$
$r>0$ $m_{0}$ $m0<m$ $\sqrt[m]{\Vert i_{m}\Vert_{Y}}<r<1$
:
$\lim_{marrow\infty}\Vert i_{m}\Vert_{Y}\leq\lim_{marrow\infty}r^{m}=0$
$>1$ $r>0$ $m(k),$ $k=1,2,$ $.$ . $m(1)<m(2)<\cdotsarrow+\infty$ ,
$m(k\sqrt[)]{\Vert i_{m(k)}\Vert_{Y}}>r>1$ $m(k)$











$\Vert i_{m}\Vert_{Y}\leq\Vert K_{Y}^{m}\Vert_{\mathcal{L}(Y)}\Vert i_{0}\Vert_{Y}$
:
$\lim_{marrow}\sup_{\infty}n\sqrt[\prime]{\Vert i_{m}\Vert_{Y}}\leq\lim_{marrow}\sup_{\infty}\sqrt[m]{\Vert K_{Y}^{m}\Vert_{L(Y)}}\lim_{marrow}\sup_{\infty}\sqrt[m]{\Vert i_{0}\Vert_{Y}}=r(K_{Y})$
$R_{0}= \lim_{marrow}\sup_{\infty}\sqrt[n]{\Vert i_{m}\Vert_{Y}}\leq r(K_{Y})$ (4.9)
$R_{0}$ (4.8) ” $\lim\sup$” ”lim”
$r(K_{Y})$
$R_{0}$ ( ) :
43 $\Psi$ :
$r(K_{Y})=r(K_{E})= \lim_{marrow\infty}n\sqrt[1]{\Vert i_{m}\Vert_{Y}}$ (410)
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